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FIG. 5. Separation streamlines for different Reynolds numbers. 
the inner comer, measurements in water confirmed the for-
mation of a counter-rotating vortex in that region. The for-
mation of an infinite sequence of vortices near comers was 
first predicted by Moffat. 13 Finally, tests with the model in-
serted backwards in the glycerol flow confirmed that the 
low-Re cavity flow was essentially reversible. 
Because insect wings span a wide range of orientations 
with respect to the relative wind velocity, it was considered 
worthwhile to run a few tests with the model inserted at 
different angles relative to the flow direction. As shown in 
Figs. 6 and 7, an increase in the angle of attack in the range 
- 200 to 200 resulted in a measurable increase in the size of 
the separation region. 
The present results clearly document the characteristics 
of flow in and above two-dimensional, asymmetric, triangu-
lar cavities. Unfortunately, one of the long-term objectives of 
this work, namely an explanation for the possible aerody-
namic effect of such cavities, has not yet been adequately 
resolved. Nachtigall'sI postulate that scales may increase lift 
by creating turbulence near the wing is incompatible with 
the Reynolds number range of such flows. The only possible 
connection that we have been able to infer is that the asym-
metry of the cavities might create a component of the skin 
friction in the direction normal to the free stream, thus con-
tributing to the lift. Obviously, more work is required in 
order for this question to be answered. 
FIG. 6. Separation streamlines for different angles of attack (Re = 0.62). 
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FIG. 7. Location ofreattachment point and vortex center for different an-
gles of attack aCRe = 0.62). Symbols as in Fig. 2. 
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How the optimal choice of the filter function in large eddy simulations is related to the 
spectrum of the turbulent flow is shown. A new formula for the subgrid residuals, which 
ensures that the exact and filtered flow have the same energy decay profile, is also derived. 
with the resolvable flow. I Turbulent flows contain motions in various scales. Be-
cause of this fact the computation of such flows on a finite 
step grid (in more than one spatial dimension) is not within 
the computational ability of present-day computers. Large 
eddy simulation (LES) attempts to resolve this difficulty by 
proper modeling of the subgrid motions and their interaction 
In brief, the essence of LES is to introduce a filter func-
tion2 G(x) and define the filtered flow as 
u = J G(x - x')u(x')dx. (1) 
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(To simplify notation we use u for u.) By applying this filter 
to Navier-Stokes equations we then derive an equation for u 
after proper modeling of the sub grid terms. 
To illustrate this process we consider Burger's equation 
au au a 2u 
-+u-=v--. (2) 
at ax ax2 
Applying the filter operation to this equation we obtain, 
after obvious algebra, 
~+ u au +~=v a2u, 
at ax ax ax2 
where 
l' = u'u + (U')2 
and u' are the subgnd residuals 
u' =u-u. 
(3) 
(4) 
(5) 
Various prescriptions are available in the literature to model 
T in terms of u, e.g., the Smagorinski eddy viscosity modee 
or the mixed model proposed by Bardina et al.4 and Piomelli 
et al.5 
In one dimension these models are given, respectively, 
by2,4 
and 
au 
T= -2VT-
ax' 
au VT=k-
ax 
2 -2 2 au T=U -u - v T -, 
ax 
where k is a constant. 
As to the filter function, three principal choices are 
available in the literature. Thest;. are the Gaussian filter,2.5 
G(x) = (6/1Ta2 ) 1/2 exp( - 6x2/a 2 ); (6) 
the sharp Fourier cutofffilter,2,5 
G(x) = 2 sin(xla)/x; (7) 
and the top-hat filter. 1,6 These different choices for G and T 
lead us naturally to examine whether an optimal filter func-
tion and a subgrid model can be constructed for LES. Moti-
vated by the properties ofthe filter functions [( 6) and (7) ] 
we require this optimal filter function G to be a smooth even 
function defined on ( - 00, 00 ). Furthermore, G has to be 
determined so that for a large class of flows the solutions of 
the filtered equations (using some fixed subgrid model) "re-
sembles" as much as possible the characteristics of the origi-
nal flow. This last requirement, however, can have different 
interpretations. For example, we may use it to derive an opti-
mal model that is based on the structure of the Reynold's 
stress tensor. Another possibility is to require that the turbu-
lence statistics, including the effect of the subgrid scales ob-
tained from LES, represents a "good approximation" to 
those obtained from direct simulation. We also observe that 
from a formal point of view (1) represents a change ofvari-
able and if this transformation is exactly invertible then we 
can obtain u back from u.7 In practice, however, l' is not 
known exactly and the inversion on a finite precision ma-
chine will lead to further discrepancies between u and u. 
Our objective in this Brief Communication is to derive 
an optimal (Gaussian-like) filter function that is based on 
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the requirement that the spectral decomposition of u and u 
(with respect to some complete set of orthogonal functions) 
is the same up to order n. Furthermore, we shall derive a new 
model for l' that is based on the requirement that the flow 
energy represented by u and u have the same decay profile. 
We begin by performing a spectral analysis of LES in 
one dimension. 
Since G must be defined on ( - 00,(0) it is natural to 
expand it in terms of an orthogonal basis of L2 ( - 00, 00 ). 
Such a basis is given by the Hermite polynomials Hn (X),8 
which are orthogonal to each other with respect to the 
weight function e - x', i.e., 
I: 00 e-x'Hn (x)Hm (x)dx = rn!,[iiDm,n' (8) 
Moreover, since H 2k + I (x), k = 0,1, ... , are odd it follows 
that an expansion for G (which is even) in terms of these 
functions can take, without loss of generality, the form 
G(x) = e - x' i: b2kH 2k (x). 
k~O 
(9) 
Assuming that u, u are also defined on ( - 00,(0) we intro-
duce the spectral decomposition 
00 
u(x,t) = L an (t)Hn (x), (10) 
n~O 
00 
u(x,t) = L an (t)Hn (x). (11) 
n=O 
Substituting (10) in (2) we can use the identities 
H ~ (x) = 2nHn _ I (x), (12) 
m H (x) 
Hm(x)Hn(x) =2mm!n! L n-m+2k , 
k=O 2kk!(k + n - m)!(m - k)! 
n>m (13) 
to simplify and linearize the products of Hermite polynomi-
als that appear. Multiplying the resulting expression by 
e-x'Hm (x), m = 0,1, ... , and integrating over ( - 00,(0) 
we obtain an infinite system of ordinary differential equa-
tions for an (t), 
(14b) 
etc. 
Similarly, by substituting (11) in (3) we can linearize 
the products of Hermite polynomials in the expression 
f oo au( , t) 1= _ 00 G(x - x')u(x',t) a:" dx', (15) 
which appear in this equation. To this end we first linearize 
the products in the term u(aulax) by using the identities 
( 12) and (13). Then we make use of the identity 
Hn (x') = 2~/2 ktJ~]Hn-k [(x' - X)~]Hk (x~), 
(16) 
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to replace H n (x') in I. Expressing H n [ (x' - x)..j2] in terms 
of Hn (x' - x) we can evaluate the resulting integrals using 
(8). Substituting this result in Eq. (3) we obtain, as before, a 
system of ordinary differential equations for an (t), 
d80 = 8vT a2 + [iT {2al (2b1a l - bo80) dt 
+ 4a2 [2b l80 - a l (5bo + 12b2 ) 
+ 16a2 (5b l + 12b3 )]} + "', 
dal = 24vT a3 + [iT{2al (12b1a2 - boa l ) dt 
- 4a2 [bo80 + 2a2 (5bo + 12b2 )]} + ... , 
etc. 
(17a) 
(17b) 
In these equations V T represents the sum of molecular 
and eddy viscosity (but no specific model is assumed). It 
follows then that the exact and filtered equations yield the 
same spectral approximation for the flow up to order n if 
an (t) and an (t) satisfy the same differential equations up to 
that order. For this to happen we should be able to solve the 
algebraic equations, 
(14k) - (17k) = 0, k = O,l, ... ,n (18) 
(after setting ai = aj = 0 for i,j > nand ai = a i for i<n) for 
the b2k 'S in terms of the ak's and obtain scalar expressions, 
i.e., expressions that are time independent. 
It turns out that the maximal order of n for which this 
program can be carried out is n = 3, and we obtain 
bo = 1I[iT, b2 = - 1I4[ii, (19) 
(the expression for b4 is time independent only if we let 
V T = v). For n > 3 the solution of the linear system (18) for 
b2k contains polynomials of an (t) and it is impossible to 
obtain exact agreement between u and u with scalar b 'So This 
discrepancy between u and u will increase as the number of 
degrees of freedom in the flow increases and the modes with 
n > 3 make significant contributions to the overall flow. 
Thus we demonstrated that under present assumptions and 
constraints the approximation for u obtained through any 
filter function will break down as the Reynolds number in-
creases. Moreover, even for Reynold numbers that are not 
large, Eq. (19) shows that the optimal filter function is not 
purely Gaussian and should contain contributions from 
higher-order terms. 
Finally, we observe that u and u are assumed to satisfy 
the same boundary conditions and therefore ( 19) is indepen-
dent of these. 
We now present an energy model for T. 
Let u be the solution of Burger's equation on some re-
gion n subject to some boundary conditions. By multiplying 
(2) and (3) by u and u, respectively, and integrating over n 
we obtain the energy equations 
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!!.. r u2 dx + v r (!!!..)2 = (vu au _ U 3 ) I ' 
dtJn In ax ax 3 an (20) 
!!.. r u2 dx + v r (~)2 dx + r (iiu - T) ~ dx 
dt In In ax In ax 
(21) 
Our objective is to determine an expression for T so that the 
energy represented by u and u have the same decay profile 
for a large class of flows. Because of this "universality" re-
quirement T must be independent of the boundary condi-
tions imposed on the flow and we may therefore disregard 
these terms in Eqs. (20) and (21). 
From these assumptions it is easy to infer from (20) and 
(21) that an attractive model for 'T that yields similar evolu-
tion equations for the energy of u and u is 
- k au T=U·U- -. 
ax 
(22) 
In fact, with this choice of'T we can apply the Poincare in-
equality9 to (20) and (21) to obtain 
(23) 
(24) 
Although the prescription (22) for T did not appear in the 
literature (to our knowledge) it is reminiscent of the mixed 
model of Bardina et al. as ii appears naturally in the model-
ing of'T. 
• 
ACKNOWLEDGMENT 
The author would like to thank D. Chisholm and G. 
Modica for their kind hospitality and encouragement while 
he was visiting at the Air Force Geophysics Laboratory. 
'A review and complete list of references on the subject are given in J. H. 
Ferziger, in Computational Methodsfor Turbulent, Transonic and Viscous 
Flow, edited by J. A. Essers (Springer, New York, 1983), p. 93; M. D. 
Love and D. C. Leslie, in Turbulent Shear Flows I, edited by F. Durst, D. 
E. Launder, F. W. Schmidt, and J. H. Whitelaw (Springer, New York, 
1979), p. 353. 
2 A. Leonard, Adv. Geophys. 18, 237 (1974); B. Aupoix, in Macroscopic 
Modeling of Turbulent Flows. Springer Notes in Physics. edited by U. 
Frisch, J. B. Keller, G. Papanicolaou, and O. Pironneau (Springer, New 
York, 1985), Vol. 230, p. 45. 
3J. Smagorinski, Mon. Weather Rev. 91, 99 (1963). 
4J. Bardina, J. H. Ferziger, and W. C. Reynolds, AIAA Paper No. 80-1357, 
1980. 
5U. Piomelli. P. Moin, and J. H. Ferziger, Phys. Fluids 31.1884 (1988). 
bU. Shumann, J. Comput. Phys. 18, 376 (1975). 
7M. Germano, Phys. Fluids 29,1755,1757 (1986). 
"L. C. Andrew, Special Functions (Macmillan, New York, 1985). 
9M. M. Denn, Stability of Reaction and Transport Processes (Prentice-
Hall, Englewood Cliffs, NJ, 1975), Appendix C. 
Brief Communications 1048 
Downloaded 19 Jun 2012 to 130.215.36.83. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions
